The search for an optimum value to constrain boundary parameters in distribution models can be (and is) laborious and time-consuming. The accuracy of a distribution fit depends on the predetermined values of the boundary parameters. In this study, we applied the extreme value distributions derived from the generalized extreme value (GEV) in assigning the optimum constant to a distribution with boundary parameters. GEV subfamily (type 1), Gumbel's distribution, was used to generate constant values which were used as a fraction of the minimum and maximum diameter and height data. The effectiveness of these values was established using five distribution models: logit-logistic (LL), Burr XII, Dagum, Kumaraswamy, and Johnson's S B distributions. The distributions were fitted with maximum accuracy to the diameter and height data collected on 90 Eucalyptus camaldulensis Dehn sample plots. Model assessment was based on negative log-likelihood (-ΛΛ), Kolmogorov-Smirnov (K-S), Cramér-von Mises (W 2 ), Reynold's error index (EI), and mean square error (MSE). The result showed that the performance of the distributions was improved, especially for the height distribution, compared to other constant values. Gumbel's distribution can be applied whenever (where) a boundary constraint is to be imposed on the location and scale parameters of the distribution models.
iNTROdUCTiON
The concept of extreme value distribution modelling originated from the probability theory and statistics. It is also known as Fisher-Tippett distribution (Willemse and Kaas, 2007) . It is a family of continuous probability distributions (Gorgoso-Varela et al., 2015) . The generalized extreme value (GEV) distribution integrates Gumbel (type I), Fréchet (type II), and Weibull (type III) distributions into a family of models. GEV has been applied to forecast extreme events, such as earthquakes, floods, and other natural disasters. For example, Feng et al. (2007) applied GEV distribution to model annual extreme precipitation in China. Mitková and Halmová (2014) used Gumbel distribution to model the joint distribution of flood peak discharges, volume and duration for the Danube River in Bratislava. Burke et al. (2010) used Gumbel distribution to describe droughts and projected change for the UK. Gorgoso-Varela and Rojo-Alboreca (2014) suggested that the extreme value distributions could be applied to forestry study to describe the maximum and minimum diameters of trees. For example, the distributions commonly used for size class modelling (e. g. Weibull, beta, Johnson S B , and Burr) are characterized by location, scale, and shape parameters. Location is usually related to minimum diameter and minimum height (Zhang et al., 2003; Parresol, 2003; Cao, 2004) . How accurately these distributions are fitted depends on predetermined values of the location parameter. Researchers have used different algorithms to select values of the location parameter of the distributions commonly used in forestry studies (Zhang et al., 2003; Parresol, 2003; Scolforo et al., 2003; Gorgoso et al., 2012) . Wang and Rennolls (2005, 2007) applied a straightforward maximum likelihood estimation method for this parameter; however, convergence was not achieved for some plots. This is a major drawback of the use of the maximum likelihood estimation method.
The concept of extreme distribution modelling was introduced to forestry by Gorgoso-Varela and Rojo-Alboreca (2014) , when they used Gumbel and Weibull functions to model extreme diameter distribution values for forest stands. They concluded that the information on the distributions of minimum diameters could be helpful when choosing the most suitable values of the location parameter. Gorgoso-Varela et al. (2015) evaluated the performance of Gumbel, Fréchet, and Weibull distributions. They found Gumbel and Weibull distributions to be useful for modelling the minimum and maximum tree heights. These distributions appeared to be an important tool of distribution modelling in forestry.
Therefore, the main purpose of this study was to examine the effectiveness of the use of extreme value distributions for assigning an optimum constant of a distribution with boundary parameters for modelling tree diameter and height data. mETHOdOlOgY Data. The data for this study were collected in an Eucalyptus camaldulensis Dehn plantation growing in the Afaka Forest Reserve, Kaduna State, Nigeria. The plantation is located 10.58°-10.60° N and 7.35°-7.37° E, at an elevation of about 600 m above sea level, and occupies an area of 2700 ha (Ogana et al., 2018) (Fig. 1 ). It is an experimental plantation site, which was established to reduce deterioration and desertification of the Northern Guinea savannah of Nigeria. The data were obtained on 90 sample plots of 625 m 2 each and covered five tree age series of 7, 26, 27, 28, and 29 years. Among the stand variables computed from the inventory data were: stand density, quadratic mean tree diameter, mean tree height, dominant stand height, and basal area per ha. The statistics are summarized in Table 1 .
Extreme distribution modeling. Prior to modelling, the minimum and maximum diameters and heights were extracted from each plot to form the distributions of the extreme values. Then we fitted a theoretical extreme distribution, Gumbel distribu-F. N. Ogana, J. S. A. Osho, J. J. Gorgoso-Varela tion, with the method of moments and mode, to eucalyptus extreme diameter and height values. The values of the scale parameter of Gumbel distribution were used as the constants for the boundary parameters of Johnson's S B , logit-logistic, Kumaraswamy, Burr XII, and Dagum distributions. Gumbel, Weibull, and Fréchet distributions formed the subfamily of GEV distribution. These distributions are sensitive to extreme values. Information about their parameters, especially the scale parameters, could help choose the location and scale parameters of the distributions. This was the rationale for adopting this approach in the study. GEV distribution details presented at earlier publications of Gorgoso-Varela and Rojo-Alboreca (2014) and Gorgoso-Varela et al. (2015) . Gumbel cumulative distribution function (CDF), as formulated by Gumbel (1954) , is expressed as:
where: -∞ < x ∞, μ is the mode value (location parameter) and β is the scale parameter. The method of moments and mode was used to fit Gumbel distribution. Table 2 shows the fit accuracy (FA) of the minimum and maximum tree diameters and heights of Gumbel distribution.
As is clear from the statistics, the method of moments was more suitable than that of mode concerning fitting the minimum and maximum tree diameters and heights. With the former method, FA values were relatively small as compared with FA resulted from the mode method. Therefore, the method of moment was chosen.
Boundary constraint. The distributions were classified as those with both lower and upper boundary parameters (S B , LL and Kum distributions) and those with only the lower boundary parameter (Burr XII and Dagum distributions) . The following boundary constraints were used and assessed for performances: Application of extreme value distribution for assigning optimum fractions to distributions with boundary parameters... Note: Here and in Table 3 and 4 number of sample plots -90. Note: Here and in Table 3 and 4 K-S -Kolmogorov-Smirnov distribution; W 2 -Cramér-von Mises distribution; EI -Reynolds' error index; MSE -mean square error; D min , H min , D max , and H max -minimum and maximum tree diameter and height.
The lower boundaries for Burr XII and Dagum distributions were constrained by:
1. Location parameter = H min /D min -0.5 2. Location parameter = H min /D min -GV1, where GV1 = 1.34 and GV2 = 6.79 were the values of Gumbel scale parameters obtained from modelling the minimum and maximum tree diameter distribution. The same constraints were applied to tree height distributions, whereas GV1 = 1.15 and GV2 = 5.39 for the height distribution.
Model specification. We evaluated the efficiency of Gumbel fractions on five distribution models with boundary parameters. The models considered were Burr XII, Burr III, (i. e. Dagum), Kumaraswamy, logit-logistic, and Johnson's S B distributions. These distributions were characterized by four parameters, namely location, scale, and two shape parameters.
Johnson's S B distribution. The 4-parameter S B probability density function (Johnson, 1949 ) is expressed as:
where: ξ < x < ξ + λ, -∞ < ξ < +∞, -∞ < γ < +∞, λ > 0, and δ > 0. S B function has location parameter, ξ the scale parameter, λ, and the shape parameters, γ and δ, (asymmetry and kurtosis, respectively).
Logit-logistic (LL) distribution.
The univariate logit-logistic distribution introduced to forestry by Wang and Rennolls (2005) and used recently by Gorgoso-Varela et al. (2016) was use in this study. The probability density function (PDF) and cumulative distribution function (CDF) are given as:
where: f (x) is probability density function, F (x) is cumulative distribution function, x is diameter and height, μ = mu and σ = sigma are the shape parameters. Other parameters are previously defined in the equation 1.
Burr XII distribution. Burr (1942) constructed a 4-parameter Burr XII distribution. This distribution was introduced to forestry by Wang and Rennolls (2005) and was recently used by Aigbe and Omokhua (2014) . PDF and CDF are expressed as:
where: f (x) is probability density function (PDF); F (x) is cumulative distribution function (CDF) k and α are two shape parameters (k > 0; α > 0); β is scale parameter (β > 0); and γ is the lower boundary parameter, i. e. location parameter (γ ≡ 0 yields 3-parameter Bur XII distribution). Burr XII distribution has a closed form of CDF. Dagum (Burr III) distribution. Burr (1942) constructed 4-parameter Burr III distribution. This distribution was first introduced to forest modelling by Lindsay et al. (1996) . It is also known as Dagum distribution. To distinguish between Burr III and XII, Dagum distribution was used as a substitution of Burr III distribution in this study. PDF and CDF are expressed as:
All the parameters are predefined. Burr III distribution has a closed form of CDF.
Kumaraswamy distribution (Kum).Kumaraswamy (1980) introduced a 4-parameter distribution based on the results of his study on «a generalized probability density function for double-bounded random processes». It is a continuous probability distribution defined in an interval of 0, 1. Kum distribution had previously not been evaluated for forest modelling, as far as we know. The probability F. N. Ogana, J. S. A. Osho, J. J. Gorgoso-Varela density function f (x) and cumulative distribution function F (x) are expressed as:
where: x is diameter/height; α 1 , α 2 are shape parameters (α 1 > 0, α 2 > 0); and ξ, λ are boundary parameters (ξ < λ). Kum distribution had a closed CDF. Fitting method. The method of maximum likelihood was used to fit S B , LL, Burr XII, Dagum, and Kum distributions to tree diameter and height data. It involved taking partial derivatives of the loglikelihood function, regarding each of the distribution parameters, and setting the expression equal to zero and then solve it by a numerical iterative algorithm to obtain ML estimates. This was achieved using the «optim function» in R (R Core Team, 2016).
The distributions were evaluated based on a negative log-likelihood criterion (-ΛΛ), since the fitting was done using the maximum likelihood estimation (MLE). It is a deviance statistic (Wang and Rennolls, 2007) . Kolmogorov-Smirnov (K-S), Cramér-von Mises (W 2 ), Reynold's error index (EI), and mean square error (MSE) were also used for the model assessment. The smaller the values of the fit indices, the better is the model.
where Supx is the supremum value for x:
F (x i ) is the cumulative frequency distribution observed for x i sample (i = 1, 2, …, n), F 0 (x i ) is the probability of a theoretical cumulative frequency distribution; Y i is the observed value, and Ŷ i is the theoretical value predicted by the model.
REsUlTs ANd disCUssiON
The assessment of the overall fitting performance of five univariate distributions of interest with respect to the boundary constraints are presented in Table 3 and 4.
The results for the fitted S B diameter distributions showed that constraint 2 had the smallest mean -ΛΛ value (-131.2065), whereas constraint 1 had the largest value (-129.3). However, constraint 1 had the smallest mean K-S value (0.1133). Constraint 3 had the smallest MSE value (0.0014). These three constraints produced approximately the same mean values of W 2 and EI (Table 3) .
Similarly, the smallest mean -ΛΛ (-131.6463) was recorded in constraint 2 for LL. This value increased in constraint 3. Constraint 1 had the largest -ΛΛ. When K-S was used as the criterion, constraint 1 had the smallest mean values (0.0998); these values increased in constraint 3. Constraint 2 had the largest mean K-S value.
The mean values of W 2 and EI for the constraints were approximately the same. The fit of Kum distribution was improved by the use of Gumbel values, with constraint 2 having the smallest mean -ΛΛ value (-136.5602) . Constraint 3 had the smallest mean K-S, W 2 , EI, and MSE values (0.1276, 0.0831, 0.955, and 0.0016, respectively). As for Burr XII distribution, the two constraints had the same -ΛΛ value (-129.7471 ). However, constraint 1 had smaller mean K-S, W 2 , EI, and MSE values (0.1059, 0.00745, 0.8871, and 0.0014, respectively). The result for Dagum distribution showed that constraint 1 had smaller values for all the fit indices, except log-likelihood (-ΛΛ). Its mean -ΛΛ, K-S, W 2 , EI, and MSE values were -129.8797, 0.1013, 0.0638, 0.8117, and 0.0013, respectively. Constraint 2 had a smaller -ΛΛ value (-129.877) .
The results for the fitted S B height distribution showed that Gumbel values improved the fitting performance of the distribution. Constraint 3 had the smallest values for most of the fit indices. Its -ΛΛ, K-S, W 2 , EI, and MSE values were -135.601, 0.098, 0.0513, 0.7456, and 0.0013, respectively (Table 4) .
These values increased proceeding to constraint 2 and then to constraint 1. Constraint 3 had the smallest mean K-S, W 2 , EI, and MSE values (0.0843, 0.0402, 0.6718, and 0.0013, respectively) for LL marginal distribution. Only in -ΛΛ was constraint 2 slightly ranked higher than constraint 3. Constraint 3 gave the smallest mean K-S, W 2 , EI, and MSE (0.1019, 0.0512, 0.7549, and 0.0013, respectively) for Kum tree height distribution. However, the log-likelihood (-ΛΛ) values of con-СИБИРСКИЙ ЛЕСНОЙ ЖУРНАЛ. № 4. 2018 F. N. Ogana, J. S. A. Osho, J. J. Gorgoso-Varela straint 2 and constraint 1 were smaller than those of constraint 3. For Burr XII distribution with just two constraints, the results showed that constraint 2 (H min -GV1) had smaller values for the fit statistics. Its -ΛΛ, K-S, W 2 , EI, and MSE were -135.54, 0.0886, 0.0451, 0.6851, and 0.0013, respectively. The results for Dagum distribution showed that constraint 2 had smaller values for -ΛΛ and K-S, (135.5258 and 0.0853, respectively), which were the two most important fit statistics. Constraint 1 had smaller mean W 2 and EI values (0.0401 and 0.6351, respectively). Both constraints had the same MSE value of 0.0012. Generally, the results of Gumbel fractions were comparable to the optimum fraction (D min /H min -0.5), and in some cases the fractions performed even better. The graphs of the diameter and height distributions resulting from the use of the three boundary constraints are presented in Fig. 2-5 .
The graphs showed the number of trees in each diameter and height class per ha. The shape of the observed diameter and height distributions were mainly right-skewed asymmetrical, i. e. stretchedtailed to the right rather than symmetrical, except in few plots.
Only the graph of the most common and much used Johnson's S B and newly introduced Kum distributions are presented here using a representative sample plot (plot 1 with the trees 29 years old). The trees on this plot had an average diameter and height of 18.9 cm and 13.2 m, respectively, with the stand density being 544 trees/ha. As is clear from the graph, Gumbel scale values improved the performance of the distribution compared to the usual constant (i. e. D min -0.5). This was also obvious for the fitted Johnson S B height distribution (Fig. 3 ) and the fitted Kum diameter and height distributions ( Fig. 4 and 5) .
In this study, a new approach was applied for selecting the optimum values for the lower boundary, i. e. location parameters, and of upper boundary parameters of Johnson's S B , logit-logistic (LL), Kum, Bur XII, and Dagum distributions. These fractions were generated from Gumbel scale parameter fitted to the extremes values of tree diameter and height of eucalyptus stands. The rationale for this approach was to find optimum values for the location and scale parameters that is stand specific, rather than using arbitrarily selected fractions. Only the scale parameter of Gumbel function was used. The values were 1.34 and 1.15 for minimum diameter and minimum height, respectively; 6.79 and 5.39 for maximum diameter and maximum height, respectively. These fractions were compared with the best fractions reported in quantitative forestry (e. g. min, 0.1, 0.5 etc.). We also tried to use fractions of Weibull scale parameter, but their performance was poor; as such, it was not documented in this study.
All the fractions used in this study performed generally well. Moreover, the performances of S B , LL, Kum, Burr XII and Dagum distributions were slightly improved, especially for the height distributions, when Gumbel scale value was used. No convergence was achieved when the location and scale parameters were set to minimum and maximum diameter and height. The absence of convergence allowed us to conclude that distribution accuracy depended on the predetermined values of the location parameter and, to some extent, of the scale parameter. This effect varied with distribution, estimation method, and tree species. For example, the performance of the distributions improved as the magnitude of the fractions increased (min < 0.1 < 0.5 < Gumbel scale) from using the fit indices applied in this study. However, when the magnitude of a fraction was further increased by using Weibull scale with a large value as against Gumbel, the performance of the diameter and height distributions was poor (though it was not documented). A similar trend was observed by Zhang et al. (2003) , who compared different estimation methods to fit Weibull and S B distributions to mixed spruce-fir stands. The location parameter was assumed to equal (D min -0.5) and different values (0.5, 1.0, 1.5 and 2.0) were tried. Their results showed that Reynolds' error index increased with increasing constants for S B and Weibull distributions. The constraint (D min -0.5) used in our study also performed well based on negative log-likelihood, Kolmogorov-Smirnov, Cramér-von Mises, mean square error, and Reynolds' error index. However, D min -Gumbel scale performed better, especially for tree height distributions.
Furthermore, this Gumbel fraction provided an alternative way of fitting height distributions with S B Knoebel and Burkhart (KB) method. For example, normal KB fractions (location = D min -1.3; scale = D max -location + 3.8) were derived for the diameter distribution by Knoebel and Burkhart (1991) . These constants (1.3 and 3.8) are known to be functions of plot size, stand structure, and even tree species. With the direct use of the fraction for characterizing height distribution, the results obtained were not better than with Gumbel fractions. Zhou and McTague (1996) applied a complex algorithm to extrapolate height fractions equivalent to diameter fractions, so that consistency with KB method could be maintained. The authors fitted a simple linear regression to tree height-diameter pairs for each plot. They predicted height for at D = D min and at D = D min -1.3, subtracted the difference in height from these two predictions, and replaced D min and 1.3 by H min and the difference to obtain the location parameter for the height distribution. They also predicted height at D = D max and at D = D max + 3.8; subtracted the difference in height from these predictions, and replaced D max and 3.8 by H max and the difference to obtain the scale parameter for the height distribution. Although this seems to be a good approach, it is tedious and unnecessary. Li et al. (2002) used KB method with predetermined values for the location and scale parameters of S B to fit the marginal diameter and height distributions of a Douglas fir stand. The minimum tree height was used for the location parameter and a range of heights for the scale parameter. They reported poor performance with S B as compared to the generalized beta distribution. However, Wang (2005) used predetermined constants (1.3 and 5.1) still in the sense of KB method to obtain a better result for S B and LL diameter distributions. The rationale for adopting these constants was not clear from the paper. The author observed that these constraints improved the cumulative distribution function-based least square method (CDF-based LS) more than the maximum likelihood method. Nevertheless, both methods produced satisfactory results in his study. No study has been done on the use of a boundary constraint for Burr XII, Dagum and Kum distributions.
Application of boundary constrains to the location and sometimes to scale parameters of distribution functions is a common practice in quantitative forestry, because the accuracy of the results of using distribution functions in size class modelling depends on predetermined values of these parameters. In the absence of a boundary constrain for the location parameter, the estimate could sometimes be biologically unreasonable, especially when MLE is used for fitting the models, for example, where an estimate for the location parameter is given as a negative value. This is not possible concerning diameter and/or height distributions. The location parameter marks the beginning of the diameter distribution, which is the minimum tree diameter observed. The location parameter could be zero, especially when tree height is 1.3 meters. Trees 1.3 m high are rarely measured, unless it is a young forest stand.
CONClUsiON
To sum up, we assessed the effectiveness of Gumbel scale as an optimum constant for improving the fitting performances of S B , LL, Burr XII, Dagum and Kum distributions. The results were quite satisfactory. The use of Gumbel scale value improved the performance of some of the distributions, especially of the height distribution. The implication is that, it will reduce the time required for testing different constant values during the model fitting process.
